In this paper, we study the degenerate parabolic variational inequality problem in a bounded domain. First, the weak solutions of the variational inequality are defined. Second, the existence of the solutions in the weak sense are proved by using the penalty method and the reduction method.
Introduction
In this article, we consider the initial-boundary problem of the following parabolic variational inequality:
where T = ×(, T), ⊂ R N is a bounded domain with appropriately smooth boundary ∂ , p ≥ , γ > , and u  (x) satisfies
Readers can refer to [] and [] for the motivation and references about the study of problem (). The linear parabolic variational inequality problem
is similar to (). The existence of solutions to problem () was studied in a series of papers (see [] and [] and references therein). Here, r and σ are positive constant. In [], the authors discussed a general case in which the linear parabolic operator with constant coefficients can be replaced by a quasi-linear one with integro-differential terms. Later, the authors in [] extended the corresponding conclusions to the R d -values case in which the existence and uniqueness of solution to parabolic variational inequalities with integrodifferential terms were proved by using the penalty method and the reduction method. However, to the best of our knowledge, the existence of solutions to the variational inequality problem with the degenerate parabolic operators has not been studied. The purpose of this paper is to fill this gap.
In the spirit of [] and [], we introduce the following maximal monotone graph:
In addition, we define a function class for the solution as follows:
Based on the above basic knowledge, we define the weak solution of problem () below.
In Section , we prove that for p ≥ , γ ∈ (, ), problem () admits a weak solution in the sense of Definition . We end the introduction by showing the following lemma which is used to prove our main results (see [] ).
Lemma  Let θ ≥  and A(η)
where C is a positive constant only depending on p.
The existence of weak solutions
This section is devoted to the proof of the existence of solutions to problem (). We prove the following theorem.
Theorem  Let p ≥  and γ ∈ (, ). Under the assumption (), problem () admits a weak solution u with
To prove Theorem , let us consider the approximation problem
where β ε (·) is the penalty function satisfying
According to the standard theory for parabolic equations [], problem () admits a weak solution
in the sense of Definition , which satisfies
Further, it follows by the comparison principle and the maximum principle [, ] that
Moreover, from () and (), we assert that there exists a subsequence ε (still denoted by ε) such that
Then it is easy to see that
From () and the definition of β ε , we derive
Observing thatγ -p +  < , and combing (), (), and (), we have
Note that ε ≤ u ε ≤ |u  | ∞ + ε. Thus, it follows by the trigonometrical inequality and the Hölder inequality that
, using the Hölder inequality, one derives
From the above equation and (), we may conclude that, as ε → ,
Substituting () and () into () yields
This and Lemma  lead to
Hence, in view of
we derive
Then it is easy to see that as ε → ,
Thus, the lemma is proved.
Lemma  The solution of () satisfies
where C is independent of ε, α ∈ [,  -γ ).
Proof Multiply () by u 
